Vander monde deter minant with higher degree
by Mr. Yue Kwok Choy

The evaluation of Vandermonde determinant, that is,
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IS a good exercise for beginners in studying the theory of determinants. The
readers are advised to carry out the necessary calculations, employing the usual
techniques such as L aplace expansion or mathematical induction, before reading this
article.

This passage aims to define a higher degree Vander monde deter minant, to
evaluate it and to apply the result in considering the existence of non-trivial

solutionsin certain kind of homogeneous symmetric system of equations.

It is natural that the Vandermonde determinant can be extended as follows :
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Note that after the i column of this determinant (2), the corresponding columns
are increased by one degree as compared with the ordinary Vandermonde
determinant as in (1). In order to evaluate (2), let us construct an auxiliary
determinant:

1 X, Xpo o Xg oo X"
| 1 X, Xoo o X o Xy
Vv, (x) =|: ; A1<i<n 3
1 X, X,° X, ox,"
2 i n
1 X X e X0y




Note that in (3), the i th column and a row involving the powers of x have been
added, making adeterminant of  (n + 1) order.

Since V,(x) is now an ordinary Vandermonde determinant with indeterminates
X1, Xo, ..., Xy @nd X, using theresult in (1), we have:

Vn(i)(x) — (X_xl)(x—X2)---(X—Xn)]$p131§n(xq _XP)

= [x“ —sX" s X2 ()" s, X +---+(—1)”sn]>< Vv, (4)

where s, S, ..., S, represent the elementary symmetric polynomias with
indeterminates  Xi, X, ..., X

However, using Laplace expansion for the last row in (3), the x-term of V()
isexactly equal to  (-1)™ V). By comparing coefficients with the x'-terms in (4),
we have:

D™V = (D)™ sV

From thiswe therefore get :
v,V =s .V, = (Z:xlx2 Xy IV, for 1<i<n—1
and V"=V, (5)
We now make use of the Vandermonde determinant to show that the system of
equations :

X+ X, +-4+X,=0 (6.1
X2 +X, 0 ++%X,2=0 (6.2

..... (6)
X" X, -+ X, =0 (6.n)
has no non-trivial solution.
Rewrite (6) in the form :
Xy +Xy4+--4+X%X,=0
X1X1 + XX+ + XX, =0 (7)

n-1 n-1 n-1
Xy Xy+Xy Xo+--+X, X,=0



Note that the coefficient determinant of (7) is V,. Therefore (7) has non-trivial
solution iff

0

Vi :KquSn(Xq _Xp)

I.e., without lost of generality, Xn = Xp-1-

But then the equations (6.2 — 6.n) can be written as:
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(8) has non-trivial solution iff the coefficient determinant, i.e., V., = 0, and we
can get, without lost of generality, X,.» = Xn.1. Continue in this way, using deduction
( and hence induction), we can get x; = 0 for i = 1 to n. As a result, (6) has no
non-trivial solution.

Now, let us consider another system of equations :
X;+Xy,+-+X,=0
X+ Xy o+ X,2=0
..... (nZZ) (9)

Using the analogous layout as in the previous example, the coefficient
determinant is exactly V,™V. By (4), we have:

V, " =5V, = (X + X, +--4+ X, )V, =0xV, =0
Therefore (9) must have non-trivial solutions. The reader may verify that the

non-zero solution for (9) is:

X1 =K, Xp = kw, Xz =kw,?, ..., Xo = kwy"t, where w, is the n-th
(complex) root of unity with  w,"=1, 1+w,+w+ ... +w, " =0.



Using the same principle, it is not difficult to prove that the system of

equations :

X2 X, 4+ x,"? =0 (n=3) a0

has non-trivial solutions. The fact that s, =%[( xi)z—inz} complete the

proof.

Up to now, the readers may like to investigate the existence of non-trivial

solutions in the general system::

Xy +Xy4+-4+X%X,=0
i-1 i-1 i-1
X, +X, +--+X, =0
1 2 n (1<
: . ) _|Sn) 11
X1|+1+X2|+1+---+Xn|+1 =0 ( )
X1n+1+X2n+1+ +Xnn+1=0

Wish you can get someresult. Good Luck!



